APPENDIX

The derivation process of E(U|T) and Var(U|T)
Since E(U|T) = %5 Z FE[Z log(npa,nma,noc,)|T], according to the independence

i=1 =1
of each rare variant locus, it is easy to obtain that

i Y Ellog(npa,nac,moc,)|T),

=1 =1
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where

Ellog(npe,nvc,noc, )| T

= El(lognpg, +lognue, +lognog,)|T]

= E(lOg Npa,, ) + E(lOg Npag, T) + E(log nNpa, )

= P(DGZl = O) log Npo + P(DGZl = 1) 10g npi + P(DGZl = 2) log Np2
+ P(MG; = 0)lognyg + P(MGy = 1)lognyg + P(MGy = 2) log nas
+ P(OG; = 0)lognpg + P(OGy = 1)lognpr + P(OGy = 2) log nps

= 3[logn + 2(1 — p;)*log(1 — pr) + 2pi(1 — py) log 2pi(1 — py) + 2pi? log pi]

= 3llogn + 2(1 — p) log(1 — p;) + 2p; log pr + 2pi(1 — py) log 2].

Besides, the genetic data of each family are independent, therefore

Var(U|T) = Var Z Z F log(npe,nmae,noc,)|T)
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where
Var{log(npa,nmac,noc,)|T] ;
= Eflog®(npe,nua,noc,)|T] — {Ellog(npa,naec,noc, )| T},
and
Ellog*(npa,nyc,noc,)|T)
=E|[(lognpg, +lognug, +lognoa,)?|T]
= E[(loganG“ + loganGil + lngnOG” + 2log npg, lognme,
+ 2lognpg, lognog,, + 2lognye, lognog, )| T
:E(log2nDG” )+ E(loanMG” T) + E(log2nOGiZ\T)
+ 2E(lognpg, lognye,) + 2E[log nog, (log npa, + log nuea, )]
= E(log’npe,|T) + E(log*nye, |T) + E(log’nog, |T)
+ 2E(log npg, |T)E(log nye, |T) + 2E[log noc, (log npa,nae, ) |11,
where



Ellog nog, (lognpe,nve,)|T]

= P(DGZZ = 0)P<MGZZ = 0) 10g noo 10g N poNparo
+3P(DGy = 0)P(MGy = 1)lognog log nponasn
+3P(DGy = 1)P(MGy = 0)log noo log npinao
+%P<DG25 = O)P(MGzl = 1) logn01 lognDOan
+3P(DGy = 1)P(MGy = 0)log noi log npinao
+P(DGy = 0)P(MGy = 2)lognoi lognponare
+P(DGy =2)P(MG;; = 0)lognoi log npanao

+%LP(DGZ-Z = 1)P(MG; = 1)lognoglognpinyn
+%P<DGZZ = 1)P(MGZZ = 1) logn01 1Og7’LD17LM1
—|—%LP(DGU =1)P(MGy = 1)lognozlog npinan
‘f‘%P(DGZl = 1)P(MGZZ = 2) 10gn01 10gnD17’LM2
—l—%P(DGil =2)P(MGy = 1)lognoi log npsnan
+%P(DG” = 1)P(MGy = 2)lognos lognpinym
+%P(DGZZ = 2)P(MGZZ = 1) logn02 1Og7’LD27LM1
+P(DGy =2)P(MG;; = 2)log noz log npane

=2log’n[(1 — p)* + 4p(1 — p1)* + 6p (1 — p)? + 4p>(1 — 1) + 1]
+8(1 — pr)? log nlog(1 — p;) + 8(1 — p)*log?(1 — p1) + 8py(1 — i) log n
log 2pi(1 — pi) + 8pi(1 — pi)? log(1 — pr) log 2py (1 — pr) + 2pi(1 — 1)
log*2p;(1 — pi) + 8pi*log nlog p; + 8p,*(1 — py) log pylog 2pi(1 — py)
+8p,%log’p;.

Based on the above derivation, we have

Var(log(npa,nua,noc, )| 1]

= Ellog*(npe,nuc,noc,)|T) — Ellog(npe,nuc,noc,)|T)”

= 3log®n{1 + 2[(1 — p)* + 4pi(1 — )% + 6p2 (1 — py)? + 4p> (1 — 1) + pi*]}
+36(1 —p)*lognlog(1 — pi) +4(1 — p1)*(2p° — 8pi + 9)log*(1 — p1)
+36p,(1 — p1) log nlog 2pi(1 — py) + 2py (1 — i) (5 + 4pi(1 — pr))log?2pi(1 — pi)
+ 36p,2 log nlog py + 4p,* (3 + 4p; + 2pi?)log”p;
+16p1(2 — pr) (1 — p1)* log(1 — pi) log 2pi(1 — p1)
+16p,*(1 — pi) (1 + pi) log pr log 2pi (1 — pi) + 16p,*(1 — pr)* log pr log(1 — py)
— 9{log’n + 4(1 — p)*og®(1 — p;) + 4p.>(1 — p1)2og®2p, (1 — pr) + 4p*log?p;
+4(1 = p)* lognlog(1 — pr) + 4pi(1 — pr) log nlog 2py(1 — pr) + 4pi* log nlog pi
+ 8pi(1 — p1)* log(1 — pi) log 2pi (1 — py)+8pi* (1 — pi)* log pr log(1 — py)
+ 8p*(1 — i) log prlog 2pi (1 — i) }
=4py(1 — pr)?(10 — Tp)log?(1 — pr) + 2pi(1 — py) (14p? — 1dpy + 5)log?2p; (1 — py)
+4p® (1 — p) (Tpy + 3)log®py + 8pu(1 — pi)*(Tpr — 5) log(1 — py) log 2pi(1 — pr)
+8p*(1 — pi)(2 — Tpr) log py log 2pi (1 — pr) — 56p,*(1 — py)? log prlog (1 — py).




