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Appendix A:  
Geometric relationships between coral colony parameters 

 
 

Circular hemisphere 
 
Constants 

• Calcification rate, G 

• Density, ρ  
Radius, rt  
Linear extension rate, Ct 

Surface area, S = 2πr2  

Planar area, P = πr2 =
S

2
  

Volume, V =
2

3
πr3  

Change in Mass, ∆M = ∆Vρ = GS1 
 

∆V =
GS1

ρ
= V2 − V1 =

2π

3
(r2
3 − r1

3)  

→  
2πr2

3

3
=
2Gπr1

2

ρ
−
2πr1

3

3
 

→  r2 = (
3Gr1

2

ρ
+ r1

3)1/3  

 
Surface area productivity 
∆S

S1
= 

S2−S1

S1
=
S2

S1
− 1 =

r2
2

r1
2 − 1  

→  
∆𝐒

𝐒𝟏
=
(
𝟑𝐆𝐫𝟏

𝟐

𝛒
+𝐫𝟏

𝟑)

𝟐/𝟑

𝐫𝟏
𝟐 − 𝟏  

 
Planar area productivity 

∆P

S1
=

∆S

2S1
=
(
3Gr1

2

ρ
+r1
3)

2/3

2r1
2 −

1

2
  

 
Surface area to volume ratio 
S

V
=
2πr2

2

3
πr3

=
3

r
  

 
Linear extension rate 
Ct = rt+1 − rt  
→ rt+1 = Ct + rt  

G =
△Vρ

St
=
ρ(Vt+1−Vt)

St
=
ρ(
2

3
πrt+1
3 −

2

3
πrt
3)

2πrt
2 =

ρ(rt+1
3 −rt

3)

3rt
2 =

ρ((Ct+rt)
3−rt

3)

3r1
2 =

ρ(3Ctr1
2+3Ct

2rt+Ct
3)

3rt
2   

As rt → ∞,  G → ρCt Therefore Ct →
G

ρ
 

 
 

Flat disk 
 
Constants  

• Calcification rate, G 

• Density, ρ  

• Thickness, h 
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Radius, rt  
Linear extension rate, Ct 

Surface area, S = πr2  

Planar area, P = S = πr2 
Volume, V = hπr2  
Change in Mass, ∆M = ∆Vρ = GS1 
 

∆V =
GS1

ρ
= V2 − V1 = hπ(r2

2 − r1
2)  

→  r2
2 = r1

2 + 
Gr1
2 

ρh
= r1

2(
G 

ρh
+ 1) 

 
Surface area productivity 

∆S

S1
= 

S2−S1

S1
=
S2

S1
− 1 =

r2
2

r1
2 − 1 =

r1
2(
G 

ρh
+1)

r1
2 − 1 = (

G 

ρh
+ 1) − 1 =

G 

ρh
 

 

→  
∆𝐒

𝐒𝟏
=

𝐆 

𝛒𝐡
  

 
Surface area to volume ratio 
S

V
=

πr2

hπr2
=
1

h
  

 
Linear extension rate 
Ct = rt+1 − rt  

→ rt+1 = Ct + rt  
 

G =
△Vρ

St
=
ρ(Vt+1−Vt)

St
=
ρ(hπrt+1

2 −hπrt
2)

πrt
2 =

ρh(rt+1
2 −rt

2)

rt
2 = ρh (

rt+1
2

rt
2 − 1)   

→ rt+1 = rt√
G

ρh
+ 1  

→ Ct + rt = rt√
G

ρh
+ 1   

→ Ct = rt (√
G

ρh
+ 1 − 1)   

As rt → ∞,  Ct → ∞ 

 
 
Cone (single branch) 
 
Constants  

• Calcification rate, G 

• Density, ρ  

• Aspect ratio, α = h/r 
 
Radius, r = h/ α 
Height, h = α r  (branch length) 
Linear extension rate, Ct 

Surface area, S = πr√h2 + r2 =
πh

α
√h2 +

h2

α2
=
πh2

α
√1 +

1

α2
  (3-sides, excluding basal attachment) 

Volume, V =
1

3
hπr2 =

πh3

3α2
  

Change in Mass, ∆M = ∆Vρ = GS1 
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∆V =
GS1

ρ
= V2 − V1 =

π

3α2
(h2
3 − h1

3)  

→  
3Gα2S1

ρπ
= h2

3 − h1
3  

→  h2
3 =

3Gα2S1

ρπ
+ h1

3 =
3Gh2α√1+

1

α2

ρ
+ h1

3  

→  h2 =
√
3Gh2α√1+

1

α2

ρ
+ h1

3
3

  

 

Surface area productivity 

∆S

S1
= 

S2−S1

S1
=
S2

S1
− 1 =

πh2
2

α
√1+

1

α2

πh1
2

α
√1+

1

α2

− 1 =
h2
2

h1
2 − 1 =

(
3Gh1

2α√1+
1

α2

ρ
+h1

3)

2/3

h1
2 − 1 = (

3Gα√1+
1

α2

ρh1
+ 1)

2/3

− 1   

 

Define L = α√1 +
1

α2
 

→
∆S

S1
= (

3GL

ρh1
+ 1)

2/3
− 1 

 
Surface area to volume ratio 

S

V
=

πh2

α
√1+

1

α2

πh3

3α2

=
3α√1+

1

α2

h
=
3L

r
  

 
Linear extension rate 
Ct = ht+1 − ht  

G =
△Vρ

St
=
ρ(Vt+1−Vt)

St
=
ρ(
πht+1
3

3α2
−
πht
3

3α2
)

πht
2

α
√1+

1

α2

=
ρ(ht+1

3 −ht
3)

3ht
2α√1+

1

α2

=
ρ(ht+1

3 −ht
3)

3ht
2L

    

→ 
3GL

ρ
ht
2 = ht+1

3 − ht
3 

→ ht+1 = √
3GL

ρ
ht
2 − ht

33
 

→ Ct = √
3GL

ρ
ht
2 − ht

33
− ht 
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Cylinder (single branch tip) 
 
Constants  

• Calcification rate, G 

• Density, ρ  

• Branch radius, r 
 
Total number of branches, βt 
Total branch length, ht 
Linear extension rate, Ct 

Surface area, S = 2πrh + πr2  

Volume, V = hπr2  
Change in Mass, ∆M = ∆Vρ = GS1 
 

∆V =
GS1

ρ
= V2 − V1 = hπr

2(h2 − h1)  

→  
GS1 

ρπr2
= h2 − h1  

→  h2 =
GS1 

ρπr2
+ h1  

 
Surface area productivity 

∆S

S1
= 

S2−S1

S1
=
S2

S1
− 1 =

2πrh2+πr
2

2πrh1+πr
2 − 1 =

2h2+r

2h1+r
− 1 =

2(
GS1 

ρπr2
+h1)+r

2h1+r
− 1 =

2GS1 

ρπr2
+2h1+r

2h1+r
− 1  

 

=
2GS1 

ρπr2(2h1+r)
=
2G(2πrh1+πr

2)

ρπr2(2h1+r)
=
2Gπr(2h1+r)

ρπr2(2h1+r)
  

 

→  
∆𝐒

𝐒𝟏
=
𝟐𝐆

𝛒𝐫
  

 
Surface area to volume ratio 
S

V
=
2πrh+πr2

hπr2
=
2h+r

hr
=
2

r
+
1

h
  

 

as h→∞, 
S

V
 → 

2

r
 

 
Linear extension rate 
Ct = ht+1 − ht  
 

G =
△Vρ

St
=
ρ(Vt+1−Vt)

St
=
ρ(ht+1πr

2−htπr
2)

2πrht+πr
2 =

ρr(ht+1−ht)

2ht+r
=
ρr(Ct+ht−ht)

2ht+r
=

ρrCt

2ht+r
  

→ G(2ht + r) = ρrCt     

→ Ct =
2Ght

ρr
+
G

ρ
 

→ 
Ct

βt
=
2G

ρr

ht

βt
+

G

ρβt
 , where 

Ct

βt
 is average branch extension rate and 

ht

βt
 is average branch length  

 

As βt →∞, 
Ct

βt
→

2G

ρr

ht

βt
 

 

 
Prolate hemispheroid (c>a) 
 
Constants 

• Calcification rate, G 

• Density, ρ  
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• Eccentricity, e = √1 −
a2

c2
 , c>a 

→  c =
a

√1−e2
 

Equatorial radius, a=b  
Polar radius, c  

Surface area, S = πa2 +
πac

e
sin−1e 

Volume, V =
2

3
πa2c 

Change in Mass, ∆M = ∆Vρ = GS1 
 

∆V =
GS1

ρ
=
G

ρ
(πa1

2 +
πa1c1

e
sin−1e) =

Gπ

ρ
(a1
2 +

a1c1

e
sin−1e)  

V2 = V1 + ∆V = 
2

3
πa1
2c1 +

Gπ

ρ
(a1
2 +

a1c1

e
sin−1e) 

 

V2 =
2

3
πa2
2c2  

→  a2
2 =

3V2

2πc2
=
3V2√(1−e

2)

2πa2
 

→  a2
3 =

3V2√(1−e
2)

2π
 

→  a2 = (
3V2√(1−e

2)

2π
)
1/3

= ((
3√(1−e2)

2π
)(

2

3
πa1
2c1 +

Gπ

ρ
(a1
2 +

a1c1

e
sin−1e)))

1/3

 

= ((
3√(1−e2)

2π
)(

2πa1
3

3√(1−e2)
+
Gπ

ρ
(a1
2 +

a1
2

e√(1−e2)
sin−1e)))

1/3

  

 

= (( a1
3 +

3Ga1
2√(1−e2)

2ρ
(1 +

sin−1e

e√(1−e2)
)))

1/3

  

 
Surface area productivity 

∆S

S1
= 

S2−S1

S1
=
S2

S1
− 1 =

πa2
2+

πa2c2
e

sin−1e

πa1
2+

πa1c1
e

sin−1e
− 1 =

a2
2+

a2
2

e√(1−e2)

sin−1e

a1
2+

a1
2

e√(1−e2)

sin−1e
− 1 =

a2
2(1+

sin−1e

e√(1−e2)

)

a1
2(1+

sin−1e

e√(1−e2)

)

− 1  

 

= (

 
 
( a1

3+
a1
23G√(1−e2)

2ρ
(1+

sin−1e

e√(1−e2)

))

)

 
 

2/3

(1+
sin−1e

e√(1−e2)

)

a1
2(1+

sin−1e

e√(1−e2)

)

− 1 = (

 
 
( a1

3+
a1
23G√(1−e2)

2ρ
(1+

sin−1e

e√(1−e2)

))

)

 
 

2/3

a1
2 − 1  

 
 

Define J = (1 +
sin−1e

e√(1−e2)
) 

 

→  
∆𝐒

𝐒𝟏
=

(( 𝐚𝟏
𝟑+

𝐚𝟏
𝟐𝟑𝐆𝐉√(𝟏−𝐞𝟐)

𝟐𝛒
))

𝟐/𝟑

𝐚𝟏
𝟐 − 𝟏  
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Planar area productivity 

∆P

S1
=
P2−P1

S1
=

πa2
2−πa1

2

πa1
2+

πa1c1
e

sin−1e
=

a2
2−a1

2

a1
2+

a1c1
e
sin−1e

= (

 
 
( a1

3+
3Ga1

2√(1−e2)

2ρ
(1+

sin−1e

e√(1−e2)

))

)

 
 

2/3

−a1
2

a1
2+

a1
2

e√(1−e2)

sin−1e
  

= (

 
 
( a1

3+
3Ga1

2√(1−e2)

2ρ
(1+

sin−1e

e√(1−e2)

))

)

 
 

2/3

−a1
2

a1
2(1+

sin−1e

e√(1−e2)

)

   

 

=

(( 𝐚𝟏
𝟑+

𝐚𝟏
𝟐𝟑𝐆𝐉√(𝟏−𝐞𝟐)

𝟐𝛒
))

𝟐/𝟑

−𝐚𝟏
𝟐

𝐚𝟏
𝟐𝐉

   

 

Surface area to volume ratio 

S

V
=
πa2+

πac

e
sin−1e

2

3
πa2c

=
3

2c
+
3sin−1e

2ae
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Oblate hemispheroid (a>c) 

 
Constants 

• Calcification rate, G 

• Density, ρ  

• Eccentricity, e = √1 −
c2

a2
 , a>c 

→  c = a√1 − e2 
Equatorial radius, a=b  
Polar radius, c  

Surface area, S = πa2 +
πc2

2e
ln (

1+e

1−e
) 

Volume, V =
2

3
πa2c 

Change in Mass, ∆M = ∆Vρ = GS1 
 

∆V =
GS1

ρ
=
G

ρ
(πa1

2 +
πc1
2

2e
ln (

1+e

1−e
)) =

Gπ

ρ
(a1
2 +

c1
2

2e
ln (

1+e

1−e
))  

V2 = V1 + ∆V = 
2

3
πa1
2c1 +

Gπ

ρ
(a1
2 +

c1
2

2e
ln (

1+e

1−e
)) 

 

V2 =
2

3
πa2
2c2  

→  a2
2 =

3V2

2πc2
=

3V2

2πa2√1−e
2
 

→  a2
3 =

3V2

2π√1−e2
 

→  a2 = (
3V2

2π√1−e2
)
1/3
= (

3(
2

3
πa1

2c1+
Gπ

ρ
(a1
2+

c1
2

2e
ln(

1+e

1−e
)))

2π√1−e2
)

1/3

= (
(a1
2c1+

3G

2ρ
(a1
2+

c1
2

2e
ln(

1+e

1−e
)))

√1−e2
)

1/3

 

= (

(a1
3√1−e2+

3G

2ρ
(a1
2+

a1
2(1−e2)

2e
ln(

1+e

1−e
)))

√1−e2
)

1/3

= (a1
3 +

3Ga1
2

2ρ√1−e2
(1 +

(1−e2)

2e
ln (

1+e

1−e
)))

1/3

  

 
Surface area productivity 

∆S

S1
= 

S2−S1

S1
=
S2

S1
− 1 =

πa2
2+

πc2
2

2e
ln(

1+e

1−e
)

πa1
2+

πc1
2

2e
ln(

1+e

1−e
)
− 1 =

a2
2+

c2
2

2e
ln(

1+e

1−e
)

a1
2+

c1
2

2e
ln(

1+e

1−e
)
− 1 =

a2
2+

a2
2(1−e2)

2e
ln(

1+e

1−e
)

a1
2+

a1
2(1−e2)

2e
ln(

1+e

1−e
)
− 1  

=
a2
2((1+

(1−e2)

2e
) ln(

1+e

1−e
))

a1
2((1+

(1−e2)

2e
) ln(

1+e

1−e
))

− 1 =
a2
2

a1
2 − 1 =

(a1
3+

3Ga1
2

2ρ√1−e2
(1+

(1−e2)

2e
ln(

1+e

1−e
)))

2/3

a1
2 − 1  

 

Define K =
(1−e2)

2e
ln (

1+e

1−e
) 

→  
∆S

S1
=
(a1
3+

3Ga1
2(1+K)

2ρ√1−e2
)

2/3

a1
2 − 1 = (

1

a1
2) (a1

3 +
3Ga1

2(1+K)

2ρ√1−e2
)
2/3

− 1 

 

→  
∆𝐒

𝐒𝟏
= 𝐚𝟏

−𝟐 (𝐚𝟏
𝟑 +

𝟑𝐆𝐚𝟏
𝟐(𝟏+𝐊)

𝟐𝛒√𝟏−𝐞𝟐
)
𝟐/𝟑

− 𝟏 

 
 
Planar area productivity 
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∆P

S1
=
P2−P1

S1
=

πa2
2−π𝑎1

2

𝜋𝑎1
2+

𝜋𝑐1
2

2𝑒
𝑙𝑛(

1+𝑒

1−𝑒
)
=

𝑎2
2−𝑎1

2

𝑎1
2+

𝑐1
2

2𝑒
𝑙𝑛(

1+𝑒

1−𝑒
)
=
(𝑎1

3+
3𝐺𝑎1

2

2ρ√1−e2
(1+

(1−e2)

2e
ln(

1+e

1−e
)))

2/3

−a1
2

a1
2+

a1
2(1−e2)

2e
ln(

1+e

1−e
)

  

=
(a1
3+

3Ga1
2

2ρ√1−e2
(1+

(1−e2)

2e
ln(

1+e

1−e
)))

2/3

−a1
2

a1
2(1+

(1−e2)

2e
ln(

1+e

1−e
))

  

=
(𝐚𝟏
𝟑+

𝟑𝐆𝐚𝟏
𝟐(𝟏+𝐊)

𝟐𝛒√𝟏−𝐞𝟐
)

𝟐/𝟑

−𝐚𝟏
𝟐

𝐚𝟏
𝟐(𝟏+𝐊)

  

 
Surface area to volume ratio 

S

V
=
πa2+

πc2

2e
ln(

1+e

1−e
)

2

3
πa2c

=
3

2c
+
3c ln(

1+e

1−e
)

2ea2
  

 


