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PROOFS OF KNOWN ENTROPIES
Considering a set of probabilities P = (P1, . . . ,Pn) ∈ [0,1]n with ∑

n
i=1 Pi = 1, where n is the number of

unique classes in the set S, the generalized entropy Ê is defined by

Êα,β ,γ
ζ1,ζ2

(P) =

(
ϕ̂

α,β ,γ
ζ1,ζ2

(P)− k0

)(
k1 − k0

)−1
, (1)

where (α,β ,γ,ζ1,ζ2) ∈ (R+
0 )

5 are adequate parameters,

ϕ̂
α,β ,γ
ζ1,ζ2

(P) = ζ2-ln

(
n

∑
i=1

Pα
i

[
−ζ1-ln(Pβ

i )
]γ

)
, (2)

and the q-logarithm, for any q ∈ R+
0 \{1} and x > 0, is given by

q-ln(x) =
x1−q −1

1−q
. (3)

For q = 1, the q-ln(x) coincides with the natural logarithm ln(x), by computing the limit as q →+1,
using the L’Hôpital’s rule, and the fact that d x1−q/dq = − ln(x)x1−q. Constants k0 and k1 represent
the minimum and maximum theoretical values of ϕ̂ , respectively. Accordingly, k0 = min(ϕ̂), obtained
whenever ∃ j : Pj = 1. Alternatively, k1 = max(ϕ̂), occurring whenever each event is equally probable,
i.e., Pi =

1
n .

Taking into account the parametrization of (1), to ensure convergence, a computation direction is
selected as

ϕ̂
ᾱ,β̄ ,γ̄

ζ̄1,ζ̄2
(P) .

= lim
α→ᾱ

(
lim

β→β̄

(
lim
γ→γ̄

(
lim

ζ1→ζ̄1

(
lim

ζ2→ζ̄2

ϕ
α,β ,γ
ζ1,ζ2

(P)

))))
. (4)

In what follows and for simplicity of proofs, we will omit the corresponding limits since they can be
inferred from the context.



Proof of Gini Index Retrieval
Considering that the transformation of the Gini index (Jost, 2006; Kotsiantis, 2013) given as

Gini(S) = 1−
n

∑
i=1

P2
i , (5)

is obtained by using α = 0, β = 2, γ = 1, ζ1 = 0, and ζ2 = 0 in (1), we obtain

ζ1-ln(Pβ

i ) =
Pβ (1−ζ1)

i −1
1−ζ1

=
Pβ (1−0)

i −1
1−0

= Pβ

i −1 = P2
i −1, (6)

and,

ϕ̂
0,2,1
0,0 (P)≡ ζ2-ln

(
n

∑
i=1

Pα
i

[
−ζ1-ln(Pβ

i )
]γ

)
=

(
∑

n
i=1 Pα

i

[
−ζ1-ln(Pβ

i )
]γ

)(1−ζ2)

−1

1−ζ2

=

(
∑

n
i=1 P0

i

[
− (P2

i −1)]1
)(1−0)

−1

1−0

=

(
n

∑
i=1

−(P2
i −1)

)
−1

=−1−
n

∑
i=1

(P2
i −1)

= n−1−
n

∑
i=1

P2
i .

(7)

Thus, if we now compute k0 and k1 as

k0 = min(ϕ̂) = n−1−
1

∑
i=1

12 = n−2, (8)

k1 = max(ϕ̂) = n−1−
n

∑
i=1

(1
n

)2
= n−1−n

1
n2 = n−1− 1

n
, (9)

we obtain the normalized entropy value,

Ê0,2,1
0,0 (P) =

(
n−1−∑

n
i=1 P2

i

)
− (n−2)

(n−1− 1
n )− (n−2)

=
n

n−1

(
1−

n

∑
i=1

P2
i

)
. (10)

Matching the generic definition of the Gini index after a similar normalization, with

k0Gini = min(Gini) = 1−
1

∑
i=1

(1)2 = 1−1 = 0, (11)

k1Gini = max(Gini) = 1−
n

∑
i=1

(1
n

)2
= 1−n

( 1
n2

)
= 1− 1

n
. (12)

and, thus,

Gininormed = (Gini− k0Gini)(k1Gini − k0Gini)
−1 =

1−∑
n
i=1 P2

i −0
1− 1

n −0
=

n
n−1

(
1−

n

∑
i=1

P2
i

)
. (13)
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Proof of Shannon Entropy Retrieval
Considering that the transformation of the Shannon entropy (Shannon, 1948) given as

H(S) =−
n

∑
i=1

Pi log2 Pi, (14)

is obtained by using α = 1, β = 1, γ = 1, ζ1 = 1, and ζ2 = 0 in (1), we obtain

ζ1-ln(Pβ

i ) = ln(Pβ

i ), (15)

as for ζ1 = 1, ζ1-ln(x) coincides with the natural logarithm ln(x), and,

ϕ̂
1,1,1
1,0 (P)≡ ζ2-ln

(
n

∑
i=1

Pα
i

[
−ζ1-ln(Pβ

i )
]γ

)
=

(
∑

n
i=1 Pα

i

[
−ζ1-ln(Pβ

i )
]γ

)(1−ζ2)

−1

1−ζ2

=

(
∑

n
i=1 P1

i

[
− ln(Pi)]

1

)(1−0)

−1

1−0

=−1−
n

∑
i=1

Pi ln(Pi).

(16)

Thus, if we now compute k0 and k1 as

k0 = min(ϕ̂) =−1−
1

∑
i=1

ln(1) =−1, (17)

k1 = max(ϕ̂) =−1−
n

∑
i=1

1
n

ln
1
n
=−1+ ln(n), (18)

we obtain the normalized entropy value,

Ê1,1,1
1,0 (P) =

(
−1−∑

n
i=1 Pi ln(Pi)

)
− (−1)

(−1+ ln(n))− (−1)
=−∑Pi ln(Pi)

ln(n)
. (19)

Matching the generic definition of Shannon entropy after a similar normalization, with

k0H = min(H) =−
1

∑
i=1

log1 = 0, (20)

k1H = max(H) =−
n

∑
i=1

1
n

log
1
n
= ln(n). (21)

and, thus,

Hnormed = (H − k0H )(k1H − k0H )
−1 =

−∑
n
i=1 Pi logPi −0
ln(n)−0

=−∑Pi ln(Pi)

ln(n)
. (22)
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Proof of Tsallis Entropy Retrieval
Considering that the transformation of the Tsallis entropy (Tsallis, 1988) given as

Sq(S) = k
1

q−1

(
1−

n

∑
i=1

Pq
i

)
, (23)

is obtained by using α = w, β = 0, γ = 0, ζ1 = 0, and ζ2 = 0 in (1), we obtain

ζ1-ln(Pβ

i ) =
Pβ (1−ζ1)

i −1
1−ζ1

=
Pβ (1−0)

i −1
1−0

= Pβ

i −1 (24)

and,

ϕ̂
w,0,0
0,0 (P)≡ ζ2-ln

(
n

∑
i=1

Pα
i

[
−ζ1-ln(Pβ

i )
]γ

)
=

(
∑

n
i=1 Pα

i

[
−Pβ

i +1
]0)

−1

1−0

=−1+
n

∑
i=1

Pw
i

(25)

Thus, if we now compute k0 and k1 as

k0 = min(ϕ̂) =−1+
1

∑
i=1

1w =−1+1 = 0 (26)

k1 = max(ϕ̂) =−1+
n

∑
i=1

(1
n

)w
=−1+

n
nw (27)

we obtain the normalized entropy value,

Êw,0,0
0,0 (P) =

−1+∑
n
i=1 Pw

i −0
−1+ n

nw −0
=

−1+∑
n
i=1 Pw

i
−1+ n

nw
=

1−∑
n
i=1 Pw

i
1− n

nw
(28)

Matching the generic definition of Tsallis entropy (considering that parameter q in Tallis’ entropy
takes on value w, Sw, with k = 1) after a similar normalization, with

k0Sw
= min(Sw) =

1
w−1

[
1−

1

∑
i=1

1w

]
= 0, (29)

k1Sw
= max(Sw) =

1
w−1

[
1−

n

∑
i=1

(1
n

)w
]
=

1
w−1

(
1− n

nw

)
. (30)

and, thus,

Swnormed = (Sw − k0Sw
)(k1Sw

− k0Sw
)−1 =

1
w−1

(
1−∑

n
i=1 Pw

i

)
−0

1
w−1

(
1− n

nw

)
−0

=
1−∑

n
i=1 Pw

i
1− n

nw
. (31)
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Proof of Rényi Entropy Retrieval
Considering that the transformation of the Rényi entropy (Rényi, 1961), of order α of a set S, and with
0 < α < ∞ and α ̸= 1 as

Hα(S) =
1

1−α
log

(
n

∑
i=1

Pα
i

)
, (32)

is obtained by using α = w, β = 0, γ = 0, ζ1 = 0, and ζ2 = 1 in (1), we obtain

ζ1-ln(Pβ

i ) =
Pβ

(1−ζ1)

i −1
1−ζ1

=
Pβ (1−0)

i −1
1−0

= Pβ

i −1, (33)

and,

ϕ̂
w,0,0
0,1 (P)≡ ζ2-ln

(
n

∑
i=1

Pα
i

[
−ζ1-ln(Pβ

i )
]γ

)
= ln

( n

∑
i=1

Pα
i [−Pβ

i +1]0
)

= ln
( n

∑
i=1

Pw
i

) (34)

as for ζ2 = 1, ζ2-ln(x) coincides with the natural logarithm ln(x). Thus, if we now compute k0 and k1 as

k0 = min(ϕ̂) = ln
( 1

∑
i=1

1w
)
= 0, (35)

k1 = max(ϕ̂) = ln
( n

∑
i=1

(1
n

)w)
= ln(n1−w), (36)

we obtain the normalized entropy value,

Êw,0,0
0,1 (P) =

ln
(

∑
n
i=1 Pw

i

)
−0

ln(n1−w)−0
=

ln
(

∑
n
i=1 Pw

i

)
ln(n1−w)

. (37)

Matching the generic definition of Rényi entropy (considering that parameter α in Rényi’s entropy
takes on value w, Hw) after a similar normalization, with

k0Hw
= min(Hw) =

1
1−w

ln

(
1

∑
i=1

1w

)
= 0, (38)

k1Hw
= max(Hw) =

1
1−w

ln

(
n

∑
i=1

(1
n

)w
)

=
1

1−w
ln(n1−w), (39)

and, thus,

Hwnormed = (Hw − k0Hw
)(k1Hw

− k0Hw
)−1 =

1
1−w ln

(
∑

n
i=1 Pw

i

)
−0

1
1−w ln(n1−w)−0

=
ln
(

∑
n
i=1 Pw

i

)
ln(n1−w)

. (40)
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Proof of Sharma-Mittal Entropy Retrieval
Considering that the transformation of the Sharma-Mittal entropy (Akturk et al., 2007) is given as

SSM(S) =
1

1− r

[(
n

∑
i=1

Pq
i

) 1−r
1−q

−1

]
, (41)

is obtained by using α = q, β = 0, γ = 0, ζ1 = 0, and ζ2 =
r−q
1−q in (1), we obtain

ζ1-ln(Pβ

i ) =
Pβ (1−ζ1)

i −1
1−ζ1

=
Pβ (1−0)

i −1
1−0

= Pβ

i −1, (42)

and,

ϕ̂
q,0,0
0, r−q

1−q
(P)≡ ζ2-ln

(
n

∑
i=1

Pα
i

[
−ζ1-ln(Pβ

i )
]γ

)
= ζ2-ln

(
n

∑
i=1

Pα
i [−Pβ

i +1]0
)

=

(
∑

n
i=1 Pq

i

)1− r−q
1−q

−1

1− r−q
1−q

=
1−q
1− r

[(
n

∑
i=1

Pq
i

) 1−r
1−q

−1

]
.

(43)

Thus, if we now compute k0 and k1 as

k0 = min(ϕ̂) =
1−q
1− r

[(
1

∑
i=1

1q

) 1−r
1−q

−1

]
= 0, (44)

k1 = max(ϕ̂) =
1−q
1− r

[(
n

∑
i=1

(1
n

)q
) 1−r

1−q

−1

]
=

1−q
1− r

[(
n
nq

) 1−r
1−q

−1

]
, (45)

we obtain the normalized entropy value,

Êq,0,0
0, r−q

1−q
(P) =

1−q
1−r

[(
∑

n
i=1 Pq

i

) 1−r
1−q −1

]
−0

1−q
1−r

[(
n
nq

) 1−r
1−q −1

]
−0

=

(
∑

n
i=1 Pq

i

) 1−r
1−q −1(

n
nq

) 1−r
1−q −1

. (46)

Matching the generic definition of Sharma-Mittal entropy after a similar normalization, with

k0SSM
= min(SSM) =

1
1− r

[(
1

∑
i=1

1q

) 1−r
1−q

−1

]
= 0, (47)

k1SSM
= max(SSM) =

1
1− r

[(
n

∑
i=1

(1
n

)q
) 1−r

1−q

−1

]
=

1
1− r

[(
n
nq

) 1−r
1−q

−1

]
, (48)

and, thus,

6/7



SSMnormed = (SSM −k0SSM
)(k1SSM

−k0SSM
)−1 =

1
1−r

[(
∑

n
i=1 Pq

i

) 1−r
1−q −1

]
−0

1
1−r

[(
n
nq

) 1−r
1−q −1

]
−0

=

(
∑

n
i=1 Pq

i

) 1−r
1−q −1(

n
nq

) 1−r
1−q −1

. (49)
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